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High Velocity Clouds are baryonic gas clouds scattered throughout the galactic
halo, whose velocities do not match a standard galactic rotation pattern. Their
hydrodynamical stability against disruption during their passage through the halo
contributes to feeding star formation in the Galaxy. By simulating the interacting
interface between cloud and halo gas as a Rayleigh-Taylor instability problem, we
can investigate the stability criteria for high velocity clouds. This problem is the
high velocity cloud survival problem and is relevant to many areas of astrophysics.
One of the important mechanisms that stabilizes the gas cloud and prevents
hydrodynamical instabilities is the magnetic field. Therefore, the thesis starts with
a review of integrating magnetic field into the fluid dynamical equations. This is
the field of magnetohydrodynamics(MHD). A formulation of perturbative analysis
and linearization that is very common in MHD is also presented.
A detailed discussion of the Rayleigh-Taylor instability is given in the ideal MHD
context. Without magnetic fields, the fluid configuration is always unstable. The
introduction of magnetic fields results in a stability criterion: magnetic fields that are
large enough in strength can prevent the Rayleigh-Taylor instability. In addition,
to suit needs in astrophysics, the effect of compressibility on the growth rate is
discussed. We conclude that compressibility does decrease the growth rate of the
instability but does not change the stability criterion.
Since the clouds and gas may be partially ionized, we discuss non-ideal MHD
where there is no perfect coupling between ions and neutrals. We compare the
two-fluid approach and one-fluid approach separately in analysis of not perfectly
coupled, partially ionized gas. We show that as long as there is no perfect cou-
pling between ions and neutrals, Rayleigh-Taylor instability of neutral species in





The first chapter focuses on the theoretical basis of magnetohydrodynamics. We
will incorporate Maxwell’s Equations into the hydrodynamical equations. The un-
derlying assumptions will allow us to discard the effect of electric fields and only
preserve magnetic fields, which only affect an ionized fluid by Lorentz’s Force. The
simplest application of magnetohydrodynamics will be considered: MHD waves. We
roughly follow the steps of [1] and [2].
1.1 Assumptions of Magnetohydrodynamics
The subject which integrates the principles of electromagnetism into fluid dynamics
is magnetohydrodynamics. However, the name of this subject implies that it only
focuses on the magnetic field rather than the electric field, which is in contradiction
with the underlying Maxwell Equations.
All empirical evidence suggests that magnetic charges (monopoles) are absent in
our universe. Large scale electric fields are usually rare in the universe because free
flow of charges will balance out each other as the flow develops under the field.
On the other hand, this is impossible for the magnetic field because of the absence
of magnetic charge currents. Hence, the only way that electric fields will manifest
themselves when we consider large scale astronomical phenomena is through the
displacement current in the induction equation. Unless the drift between ions and
neutrals are large enough to produce conduction currents, electric fields are not
important in our application.
Now we would like to formalize these ideas. Maxwell’s Equations in Gauss units are
∇ · E = 4πρe













First assumption is that the total charge density would be zero for a neutral gas.
The second assumption is that there is no displacement current in the gas. Later in
the derivation, we will adopt a non-relativistic transformation. Since the induction
current term is on the order of v/c, which is small in the non-relativistic case, it
can be ignored. On the other hand, magnetic field would still have enough variation
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to generate electric field such that the left hand side of induction equation is not
zero. Also, a total neutral charge density does not imply that current is zero. These
currents are essentially the source of large magnetic field in our universe. From these
assumptions, we have a new set of Maxwell’s Equations:
∇ · E = 0









The third assumption, related to Ampere’s Law, might seem to be contradict the
second assumption: we assume that the drift velocity between ions and neutrals
are small. Indeed, those drift velocities are the sources of currents, and hence, the
source of magnetic field. However, through some dimensional analysis on the Solar
magnetic field, it is possible to deduce that even an small drift velocity on the or-
der of 10−12cm/s can produce magnetic fields as large as 103G.[1] Returning to the
central idea of ”absence of electric fields”, these currents are sources of magnetic
fields, but electric fields are still absent except when as a consequence of magnetic
induction.
At last, we assume a non-relativistic transformation between electric fields and mag-




where ui is the velocity of ions in the fluid. Substituting this into the induction
equation, we obtain a field equation in magnetohydrodynamics
∂B
∂t
+∇× (B× ui) = 0 (1.4)
To examine the dynamical influence of magnetic fields, the Lorentz forces on charged
particles have to be considered:




Per unit volume, the force that acts on collections of ions and electrons equals







By enforcing the overall charge neutrality and expression of the conduction currents








This expression gives an very important conclusion: an electrically neutral but con-
ducting medium feels only the effect of magnetic forces, not electrical forces. How-
ever, this term will still be also included in the momentum equation. This implies
that collisions between electrons, ions and neutrals are sufficiently common such
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that we need only to be concerned with a net mass density ρ and bulk velocity u.
This assumption is closely related to the phenomenon of flux freezing. Looking back
at Eq.1.8, this equation resemble Kelvin’s circulation theorem where vorticity ω is
replace by magnetic field B:
∂B
∂t
+∇× (B× u) = 0 (1.8)
where as Kelvin’s circulation theorem states for vorticity ω
∂ω
∂t
+∇× (ω × u) = 0 (1.9)
Kelvin’s circulation theorem implies that the vorticity field does not change its
geometry. Here, we can say that for a perfectly coupled gas where there is no drift
velocity, the topology of magnetic field will not change.
1.2 Hydromagnetic Equations and Hydromagnetic
Waves




+∇ · ρu = 0
∂
∂t











+∇× (B× u) = 0
(1.10)
The first equation is the usual continuity equation for fluids. The second equation is
the momentum equation with the effect of Lorentz force. The third equation states
the conservation of the energies. The fourth equation is the field equation or the
induction equation derived in the previous section. We still need two more equations
on no divergence condition for magnetic field and Poisson equation for gravitational
potential:
∇ ·B = 0
∇2φ = 4πG(ρ+ ρext)
(1.11)









For the following application of hydromagnetic equation, all the diffusive terms
(π,Fcond,Ψ, η) are dropped. This reduces the second momentum equation to a
familiar Euler’s momentum equation but with Lorentz’s force. Also, self-gravity is
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ignored. In addition, we consider only an ideal gas such that we can use the ideal





s = cv ln(Pρ
−γ) (1.14)
Applying some thermodynamics, these relation will replace the equation of state and





+ u∇s) = 0 (1.15)
1.2.1 Linearization of Hydromagnetic Equations
A perturbative analysis is a standard tool to analyze the stability of hyperbolic
(wave) partial differential equations. We take the unperturbative state(subscript 0)
to be static and homogeneous. If any term has perturbative terms(subscript 1) up to
second order, we will drop them because of their small magnitude, i.e. we linearize
the equations:
ρ = ρ0(1 + α1) u = u1 P = P0(1 + p1) B = B0(n̂ + b1) (1.16)
Substituting these terms into the hydromagnetic equation set, we obtain
∂α1
∂t















+∇× (n̂× u1) = 0
(1.17)
Now we look for solutions with Fourier Dependence
ei(ωt−k·x) (1.18)
with ω and k as constants. Substituting this Fourier factor into the linearized
equations yields









iωb1 − ik× (n̂× u1) = 0
(1.19)
If we substitute the relation obtained from energy/entropy equation into the mo-
mentum equation, we notice there are two constants that have units of squares of
velocity. These velocities are the sound speed as and Alfven speed vA.
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Combining all the equations with one single perturbative variable u1 and expand
the cross products, we have an single equation that summarizes the entire system
[ω2− (n̂ · k)]u1 + k[−(v2A + a2s)k ·u1 + v2A(n̂ · k)n̂ ·u1] + n̂v2A(n̂ · k)k ·u1 = 0 (1.21)
To simplify the problem, we introduce a coordinate system such that k = kêx and
n̂ = ex cosψ + ey sinψ, where ψ is the angle between k and n̂. Now the above
equation becomes
(ω2 − k2v2A cosψ2)u1
+ ex[−k2(v2A + a2s)u1x + k2v2A cosψ(u1x cosψ + u1y sinψ) + k2v2A cos2 ψu1x]
+ ey[k
2v2A sinψ cosψu1x] = 0
(1.22)
This equation then splits into two modes where u1z = 0 and u1z 6= 0. They corre-
spond to the modes that do or do not contain motions that are perpendicular to the
plane of wave propagation k̂ and equilibrium magnetic field B0
1.2.2 Alfven Waves
For modes with u1z 6= 0, we require u1x = u1y = 0. Eq.1.22 is true if and only if
ω2 − k2v2A cosψ2 = 0 (1.23)





Thus, if the wavefront is perpendicular to magnetic field B0 (k is parallel to B0),
cosψ = 1, and the wavespeed is equal to the Alfven speed. Therefore, Alfven wave
are transverse waves: the motion of the fluid is perpendicular to both the wave
propagation direction and the direction of the magnetic field. The wave speed of
an Alfven wave (Eq.1.20) is also analogous to a vibrating string where B20/4π is the
tension of magnetic field and ρ0 is the density (of the string).
1.2.3 Fast and Slow MHD Waves
For the case where u1z = 0, we have u1 = exu1x + eyu1y. Now Eq.1.22 becomes a
matrix equation whose determinant must be zero.(
ω2 + k2v2A cosψ
2 − k2(v2A + a2s) k2v2A sinψ cosψ
k2v2A sinψ cosψ ω











The zero condition of the determinant yields another dispersion relation
ω4 − k2(v2A + a2s)ω2 + k4v2Aa2s cosψ2 = 0 (1.26)






{(v2A + a2s)± [(v2A + a2s)2 − 4v2Aa2s cosψ2]1/2} (1.27)
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With a plus sign, the solution yields a fast MHD wave and with minus sign, it yields
a slow MHD wave. To better observe the property of these waves, consider some
special propagation direction of wave where cos2 ψ = 1 (k is parallel to B0) and
cos2 ψ = 0 (k is perpendicular to B0). Here, notice the set of equation 1.19 is a
linear set of algebraic equations with known constants and variables as the perturbed
quantities. Therefore, it is always possible to write the linearized set of equations
with an equivalent matrix representation. The dispersion relation would give the
eigenvalues of the problem. The eigenvectors, which determine the ratio between
magnitude of perturbed quantities, would tell how the wave propagates.
1. cos2 ψ = 1 (k is parallel to B0) The eigenvalues are
ω2
k2
= v2A or a
2
s (1.28)
The eigenvectors are (for ω2/k2 = v2A)




and (for ω2/k2 = a2s)
α1 : u1x : u1y : b1 = 1 :
ω
k
: 0 : 0 (1.30)
In this case, the fast mode is the mode with faster wave speed (either acoustic
sound speed or Alfven speed). For the Alfven mode, there is no compression
of the density but only the compression of the magnetic fields. In this mode,
the wave is still transverse. For the sound wave mode, there is no compression
of the magnetic field but only the compression of density. The wave would be
longitudinal.
2. cos2 ψ = 0 (k is perpendicular to B0 The eigenvalues are
ω2
k2
= v2A + a
2
s or 0 (1.31)
The eigenvectors are (for ω2/k2 = v2A + a
2
s)
α1 : u1x : u1y : b1 = 1 :
ω
k
: 0 : ∓1 (1.32)
and (for ω2/k2 = a2s)











In this case, the fast mode is a magnetosonic wave which represents the alter-
nating refraction and compression of density and field. The slow mode that
has no propagation is a transverse dispersion that only compresses the matter
and displace the field.
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Rayleigh-Taylor Instability
2.1 Relationship Between High Velocity Clouds
and Rayleigh-Taylor Instability
High Velocity Clouds (HVCs) are large clouds that are found in the entire galactic
halo(for a more complete picture of halo, see [3]) and possess a radial velocities that
are inconsistent with standard galactic rotation patterns [4]. They have various
sizes and mass densities. High velocity clouds are though to provide food for star
formation in the Galactic disk.
The problem that studies whether high velocity clouds can survive the passage
through the halo and reach the disk is called the survival problem of high velocity
clouds[5]. In this entire process, the cloud is subject to hydrodynamic instabilities.
There are two dominant instabilities: the Kelvin-Helmholtz instability occurs on the
interface of two fluids that flow in parallel at different velocities; Rayleigh-Taylor
instability occurs on the interface of two superimposed fluids under the effect of a
downward acceleration such as gravity. The latter is of special interest to us because
it matches the image of a falling cloud in the HVC survival problem.
In ideal, incompressible hydrodynamics, both instabilities develop unconditionally.
Yet, other mechanisms may account for the stability of these clouds. One of such
mechanism is the magnetic fields. Introducing magentohydrodynamics into the prob-
lem, we can show magnetic fields stabilize the fluid interface. In addition, high
velocity clouds possess some degree of magnetic field and are subject to the ef-
fect of ionization, which provides motivation to explain its stability with magnetic
fields. This analysis is consistent with the general method present in Chanrasaker’s
Hydrodynamic and Hydromagnetic Instability [6].
2.2 Problem Formulation
Rayleigh Taylor Instability occurs when there is a perturbation on the surface be-
tween two superimposed fluids. We will denote the upper fluid by subscript 2 and
the lower fluid by subscript 1. The two fluids are separated at the z = 0 plane.
Both fluid will have a certain amount of ions, neutrals and electrons. Therefore,
there are magnetic fields in these ionized fluids. These fields will be horizontal to
the interface plane: B0 = B0x̂. At last, since these clouds are always denser than
the surrounding halo medium, we will assume that ρ2 > ρ1. Gravity is always point-
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ing in the negative z direction such that it matches the falling cloud picture in our
model: g = −gẑ. For the fluid interface to remain in the center of the boundary,
we also enforce a hydrodynamic equilibrium that balances the effect of gravity.
Figure 2.1: The Rayleigh-Taylor Instability Setup [7]
Now, we introduce a perturbation on all of the hydrodynamical variables. This
method is the same as the discussion of magnetohydrodynamic waves:
ρ = ρ0(z) + δρ(x, y, z, t)
u = u
′
(x, y, z, t) = (u, v, w)
p = p0 + δp(x, y, z, t)
B = B0 + b(x, y, z, t) = B0 + (bx, by, bz)
(2.1)
where the velocities u
′
is small in magnitude. The initial fluid is stationary. For all
of the constant quantities, their spatial and time variation would be zero. For all of
the perturbed quantities, the second order contribution is neglected. We will search
for Fourier solutions of the perturbed quantities of the form
exp (ikx + iky + ωt) (2.2)
Here, since the fluids are different in the z-direction, we allow full variations in the
z-direction. In this stability analysis, if the real part of ω is larger than zero for a
particular wave number, the instability would develop.
2.3 Incompressible, Inviscid Fluids without Mag-
netic Field
It’s always the best idea to start with an easy case. We assume there’s no mag-
netic fields and the fluids are incompressible. The continuity equation becomes a
constraint on the divergence of the fluid velocity ∇ · u = 0 This greatly simplifies
the problem. We can write all hydrodynamical equations with perturbed quantities
and split the momentum equation in each direction.
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Substituing the Fourier dependence of the perturbed quantities into these equa-
tions, we can turn a set of coupled differential equations into an coupled ”algebraic
equations” with the exception of the spatial derivative in the z direction.
ikxδp = −ωρ0u
ikyδp = −ωρ0v
Dδp = −ωρ0w − gδρ
ikxu+ ikyv = −Dw
ωδρ = −wDρ0
(2.4)
where D = d/dz. Again, we have an matrix problem with five equations and five
unknown quantities. (See how this is simiarly done in [8] and [9] with addition
of viscosity) The growth rate of instability is the eigenvalue of the problem. The
perturbed quantities are the eigenfunctions/eigenvectors of the problem. Now we
can assume that the background density ρ is constant also in the vertical domain.





where we have let k2 = k2x+k
2
y. Since in the problem we have two different fluid across
the boundary, this implies an integration across the fluid interface can generate a
boundary condition on the fluid interface. Also, the fluid motion must be continuous
across the interface. This implies w is continuous across z = 0. Tangential stresses
would require that the first order derivative Dw is continuous across the interface.




g(ρ2 − ρ1)w0 (2.6)
where ∆0(f) = f(z = 0
+) − f(z = 0−) and w0 is the vertical fluid velocity at the
interface w0. Returning to solve the ordinary differential equation on w, inside each
fluid the quantity Dρ0 is zero. Hence, we have a simplified differential equation:
(D2 − k2)w = 0 (2.7)
At last, we assume rigid boundaries on top and on the bottom of the fluid configu-
ration where w = 0 on z = L and z = −L. To satisfy such boundary condition, the
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following normalized eigenfunction for w is used in our numerical simulation later.





and with z > 0
w =
sinh kz − kL
sinh kL
(2.9)
Now, applying this solution to the condition across the interface, we obtain a dis-
persion relation. This is the main result of the discussion in the incompressible,





From the above equation, we conclude that if ρ2 > ρ1, the growth rate would be real
and positive. Hence, the arrangement is unstable for all cases with ρ2 > ρ1. This
is consistent with the larger density fluid representing HVCs and smaller density
fluid representing the medium. This rough model without magnetic field and other
heating effects predicts the instability would grow, essentially disrupting the HVCs.
2.4 Incompressible, Inviscid Fluids with a Hori-
zontal Magnetic Field
Now we introduce the effect of magnetic fields. Lorentz force is introduced into the
momentum equation. In the following discussion we will adopt a natural unit such
that 1/4π is dropped in the field terms. The momentum equation on perturbed
quantities becomes
ωρ0u = ikxδp
ωρ0v −B0(ikxby − ikybx) = −ikyδp











The incompressiblity condition still holds. From all of the above, we can write an










From here, we can see if kx = 0, the equation has no dependence on the magnitude
of the magnetic field. Hence, we conclude if the disturbance is in a direction per-
pendicular to the field, then the presence of the field has no effect on the growth
of the instability at all. To get a condition for fluid motion across the interface,
we notice not only that the vertical velocity w has to be continuous, but also that
the magnetic field bz must be continuous. Because of the existence of a magnetic
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pressure in the system, the continuous pressure across the interface no longer leads









(ρ2 − ρ1)w (2.14)





, the ordinary differential equation simplifies for a
constant density case inside each fluid to.
ρ′(D2 − k2)w = 0 (2.15)
Now we have eigenfunctions in the same form as 2.8 and 2.9. At last, the expression




















This result will be verified with numerical simulations. With the above analysis, it
could be concluded that an ionized HVC gas will survive to reach the galactic disk
if a magnetic field is sufficient to prevent the growth of the instability.
2.5 Effect of Compressibility
In astrophysics, we typically deal with compressible fluid. To see this effect of
compressibility, consider the fluid without magnetic fields. Now, the continuity
















A reduction of equations made the full equation set incomplete. Therefore, the










where a is the sound speed of the fluid. Following a set of derivations similar to the
above process, we can find a equation for the eigenfunction of the fluid
D2w − g
a2
Dw − (k2 + ω
2
a2
)w = 0 (2.20)
Proposing the solution of eigenfunction in the form of w = eqz, where q is the
eigenvalue of the problem, we can have a dispersion relation derived by observing
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This result is too complicated to be useful. However, we can expand it in small










where ω20 is the growth rate for the incompressible case. This is consistent with
the analysis show in [10]. From here, it is clear that compressibility suppresses
the growth of the instability. This serves as a foundation for the belief that com-
pressibility provides a sink for the potential energy released at the interface of the
fluids.
2.6 Compressible fluids with a Horizontal Mag-
netic Field
To fully summarize the effect of compressibility in the MHD Rayleigh-Taylor insta-
bility, we have to formalize what has been done so far. A general outline of the
problem is
1. Linearization of each MHD equation.
2. Use Fourier Dependence to simplify each partial differential equation. Get a
matrix equation with perturbed quantities being the eigenvector of the prob-
lem.
3. Find boundary condition that must be satisfied across the interface of two
fluids by an integration.
4. Combine all simplified equations into one single ordinary equation with par-
ticular perturbed quantities. Get the form of the eigenfunction by solving
it
5. Substitute this eigenfunction back to the boundary conditions across the fluid
interface to get a dispersion relation.
Now we perform these steps one by one without using physical intuitions to simplify
the problem. The basic system of equation being solved is
∂ρ
∂t










= −u · ∇p− γp∇ · u
(2.23)
Here we have taken tow steps to simplify the problem. One is to use continuity
equation to simplify the form of the momentum equation, which is very common in
fluid dynamics. The other is to assume an adiabatic energy equation, which allow us
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to transform the energy equation into an equation for the development of pressure.
A linearization of these equation looks like
∂ρ
∂t




= −∇p+ (∇× b)× (B0x̂) + ρg
∂b
∂t
= ∇× (u× (B0x̂))
∂p
∂t
= −γp0∇ · u
(2.24)
Here, we drop all the primes on perturbed quantities. Also, hydrodynamical equilib-
rium is assumed in the problem such that there are no −∇p0 and +ρ0g terms in the
momentum equation. To find how each perturbed quantity behaves across the fluid
interface, an integration for each equation is required. Defining the Alfven speed
as c2A = B
2
0/ρ0 and adiabatic sound speed as c
2
s = γp0/ρ0, we can insert the conti-




= c2s∇(∇ · u) + c2A(∇×
∂b
∂t
)× x̂− (∇ · u)g
∂b
∂t
= ∇× (u× x̂)
(2.25)
where we have shifted the constant B0 factor in the induction equation to the mo-
mentum equation. This is a coupled partial differential equation for 6 perturbed
variables.
ω2u = c2s(ikx)(ikxu+ ikyv +Dw)
ω2v = c2A(ω)(ikxby − ikybx) + c2s(iky)(ikxu+ ikyv +Dw)
ω2w = c2A(ω)(ikxbz −Dbx) + c2sD(ikxu+ ikyv +Dw) + g(ikxu+ ikyv +Dw)




If we write it in terms of a matrix equation (Ax = 0) where x = (u, v, w, bx, by, bz),
then the matrix A is
−ω2 − c2sk2x −c2skxky ic2skxD 0 0 0
−c2skxky −ω2 − c2sk2y ic2skyD iωc2Aky −iωc2Akx 0
ic2skxD ic
2
skyD −ω2 + c2sD2 ωc2AD 0 −iωc2Akx
0 −iky −D −ω 0 0
0 ikx 0 0 −ω 0
0 0 ikx 0 0 −ω







ω4 − (k2x + k2y)Ω
Ω
bx = 0 (2.27)
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where Ω2 = ω2(c2A + c
2
s)− k2xc2Ac2s. For boundary conditions across the interface, we






Abx − ikxc2su− ikyc2sv + c2sDw − gw)] = 0
(2.28)
The first equation is essentially the continuity of vertical velocity at z = 0 as before.
The second equation tells us the momentum balance on the fluid interface. Using
the relations between different perturbed variables obtained during Gaussian Elimi-
nation of matrix A, it is possible to turn the above two conditions into conditions on
bx only. We now have the following solutions if the boundary of the entire domain














Inserting these solutions into the boundary conditions across the interface, we have






















A2 are Alfven velocities in each fluid. To check the limiting case, take


























The most important conclusion in this discussion[7] is that compressibility does not










This is also the same as the relation we obtained in Eq.2.16.
2.7 Numerical Simulations
The development of any Rayleigh-Taylor instability that has a positive real growth
rate can be divided into two phases. The first phase is a linear phase where all
quantities develops with the same growth rate. In this phase, the measured growth
rate from numerical simulation should agree with the analytical growth rate, if
the initial condition are defined by the eigenfunctions of each physical variables.
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The second phase is a non-linear phase where all quantities freely develop. Here,
the instability reaches saturation and the secondary instabilities (such as Kelvin-
Helmholtz instabilities) develop.
All of the simulations below are restricted to be 2D for better demonstration and
simulation efficiency. An example simulation to demonstrate this is conducted by
using Athena++. This is a grid-based code for astrophysical magnetohydrodynamics
(MHD). A detailed discussion of the numerical scheme can be found in [11]. All
physical quantities are in computational units. Figure 2.2 to 2.7 show the density
distribution of a Rayleigh-Taylor instability’s full development without the presence
of a magnetic field.
Figure 2.2: Initial condition Figure 2.3: Perturbation develops
Figure 2.4: Transition Figure 2.5: Secondary instabilities
Figure 2.6: Non-linear phase Figure 2.7: Turbulent Mixing
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2.7.1 Fluids without Magnetic Field
The case of incompressible, inviscid fluids separated without the effect of magnetic
field is investigated in detail by implementing a correct set of eigenfunctions of
each physical variables as initial condition of the setup. The simulations are first
conducted on a low resolution grid and at higher resolution later. The goal is to
confirm that the numerical code performs properly by checking convergence to a
certain growth rate as the resolution increases. After this, we focus on verifying the
relationship between growth rate and Atwood number of the two fluids where the
Atwood number is defined as
A = (ρ2 − ρ1)/(ρ2 + ρ1) (2.35)
We also examine the relationship between growth rate and the wavenumber of the
perturbation k = kx = 2Nπ/(xmax−xmin). Here, N is the integer number of modes
of perturbation and xmax, xmin define the horizontal boundaries of the grid. The




After the above step, the simulations is conducted on a grid of 512*256 for different







and wavenumbers of kx = 10, 20, 30, 40, 50 are selected. The continuous
lines represent the analytical relationship, whereas the dots represent the simulation
results from the eigenfunction implemented for initial condition. The first plot shows
the relationship between growth rate and wavenumber whereas the second plot shows
the relationship between growth rate and Atwood number. From the two plots,
it is reasonable to confirm the relationship shown by equation 2.10 or 2.36. The
Figure 2.8: Relation: n and kx Figure 2.9: Relation: n and A
discrepancies between analytical and simulated growth rate could be accounted for
by the following reasons
1. The selection of the linear region is only qualitative and largely by inspection
of the density development/vertical velocity amplitude growth. Since there
is no quantitative way to specify the timing that separates the two phases of
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growth, this caused a large error in selecting the interested time interval and
subsequently an error in the measurement.
2. For large wavenumbers, the current resolution cannot resolve the intricacies
sufficiently. This causes some loss of accuracy for large wavenumber pertur-
bations. This can explain the gradual increasing mismatch between simulated
growth rate and analytical growth rate.
3. The effect of compressibility could also be considered here: For a wavenumber
of kx = 10, the adiabatic sound speed is set to be unity in computation units
in simulations to set the step size. Hence, a gravitational acceleration of 0.1
gives a Mach number about 0.01. Therefore, we can reasonably infer that
effect of compressibility is minimized for all above simulations.
4. Numerical codes like Athena++ that are based on grids are vulnerable to the
discontinuous initial conditions of the density distribution. With the inter-
polation of the density generates a sound wave that rapidly sweeps through
the entire grid. This releases some potential energy of the fluid and therefore
decreases the instability growth rate.
2.7.2 Fluids with Horizontal Magnetic Field, Fully Ionized
The case of incompressible, inviscid fluids separated without the effect of magnetic
field is tested by implementing an arbitrary perturbation with certain wave number
on the interface of the fluid. The critical field strength is examined by varying
the background strength of the magnetic field B and the wavenumber k = kx of a
sinusoidal perturbation. Keeping the simulations in two dimensions, the equation






Similar to the previous section, five wavenumbers kx = 10, 20, 30, 40, 50 are selected
for initializing the perturbations. The difference of densities between the upper and
the lower fluid is set to be 1 (ρ2 − ρ1 = 1) in computational units. The strength
of gravitational accelerations is increased to be 0.5 for these simulations to have
Bc significantly larger than the maximal strength which perturbation of the field
can achieve. The simulations are run on a 512*256 grid. To measure the criti-
cal strength of background magnetic field, multiple simulations are conducted for
different background strengths of the magnetic field B. The minimal background
strength to prevent the growth of the simulation is selected to be the critical field
strength measured by the simulation. The results of these simulations are shown in
the graph below.
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Figure 2.10: Relation: Bc and kx
From these results, it is reasonable to state that simulational results verify the
relation shown in equation 2.37. The sources of error analyzed in the previous part
still applies to the new scenario here. However, the largest source of error comes
from the selection of critical field strength in the simulation. It is often difficult to
test cases with field strengths that are extremely close to the critical field strength.
This is because the effect of field strength will dramatically decrease the growth rate
of the instability. For a small growth rate to manifest itself, simulations for these
cases will be long in computational time.
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Partial Ionization
3.1 Motivation on Discussion of Partial Ionization
In the previous chapters, we have discussed Rayleigh-Taylor instability around the
basic assumptions of MHD in Chapter 1. They are called the ideal MHD assump-
tions. In ideal MHD, the most important assumption is made on the frequent
collision of the neutrals, ions and electrons. Their motion is sufficiently common
such that we do not need to be concerned with separate species of fluid but only one
fluid velocity of all particles. In partial ionized fluids, this is not always the case. If
collisions between ions, neutrals and electrons are not enough to couple their motion
together, the relative velocities between them will have an impact on the develop-
ment of fluid. In particular, when considering Lorentz forces, since Lorentz forces
do not act on neutral particles, the neutral part of the fluid will develop differently
comparing to the ion and electron part of the fluid.
The difference between the two cases is summarized as follows:
1. Partially Fluids in ideal MHD: charged particles and neutral particles coupled
together closely by collisions. No drift velocity between them exists. The
neutral particles ”feel” the Lorentz force. A one fluid approach is adopted in
fluid dynamical equation
2. Partially Ionized Fluids in non-ideal MHD: collisions between charged and
neutral particles is not enough to couple two different fluid species. There
is drift velocity between them. Some neutral particles does not feel Lorentz
force. A multiple fluid approach is needed or special technique is required to
recover one-fluid approach.
In our discussion of high velocity clouds and Rayleigh-Taylor Instability, partial
ionization of fluids is also important to consider. So far, the ionization content of
many high velocity clouds is unknown. Therefore, there exists no reason to adopt an
ideal MHD analysis except for the simplicity. In terms of Rayleigh-Taylor instability,
if there is not enough collision, the neutral species would develop independently even
sufficient magnetic field is present to prevent the growth of instability for a fluid
with enough collision between ions and neutrals. Therefore, the problem of partial
ionization should be discussed with more detail in our analysis.
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3.2 Multifluid Approach on Partial Ionization
Here, we analyze the motion of electrons, ions and neutrals separately without any
omission. The electron equation is kept only to check the magnitudes of each term




+ ve · ∇ve
)




+ vi · ∇vi
)




+ vn · ∇vn
)
= −∇pn + ρng + Rn
(3.1)
where nα is the number density of species α and Rα is the drag force that is felt
by a certain species due to the drift velocity. In the electron momentum equation,
the inertial term, pressure term and gravity term are significantly smaller than the
Lorentz force term and the drag force term. For two different species α and β, this
drag force on α has the form of
−mαναβ(vα − vβ) (3.2)
where ναβ is the collision frequency between two different particle species and (vα−
vβ) is the drift velocity that is mentioned throughout this writing. This collision
frequency depends on the cross-section of collision between individual particles. For








where mn is the mass of neutral species, kB is the Boltzmann’s constant, T is the
temperature of the system, and σin = 5 × 10−19m2 is the cross-section of collision
in a hydrogen plasma. From this single case of hydrogen plasma, we can see that
the detailed analysis of species collision is difficult and the collision frequency can
often depend on a variety of variables that is not usually known in observation. To
develop theory for a more general case, we will return to the basic expression of the





ναβ(vα − vβ) (3.4)
Writing this in detail




J(νei + νen)− ρeνenw









J(νne)− ρn(νne + νni)w
(3.5)
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where w = vi − vn is the drift velocity and J = ene(vi − ve) is the total current
density. The magnitude of electron and neutral coupling νen = νne is very small in
magnitude. This momentum transfer caused by drag force does not influence the
development of magnetic fields. If we assume for a large electromagnetic coupling
strength between ions and electrons (νie is large), their motion will be sufficiently
common and it is possible to merge their momentum equations. An induction equa-




+∇× (B× vi) = 0 (3.6)
3.3 A 2D application on Rayleigh-Taylor Instabil-
ity
To see how a multifluid approach is applied, we consider a very ideal case for the
Rayleigh-Taylor instability. Here, we assume the fluid is incompressible, and the
fluid can extend infinitely in the horizontal y direction. The set of equations are








= −∇pi − νinρnρi(vi − vn)− ρigẑ + (∇×B)×B
∂B
∂t
= ∇× (vi ×B)
∇ ·B = 0
(3.7)






+ v · ∇ is the usual material derivative. In the linearization of these equations,
we ignore the y-direction perturbation for each variable because this is a 2D fluid:
χ(z, x, t) = χ(z) exp (ωt+ ikxx) (3.8)
The linearized equations for neutrals (now D = d/dz) are
ikxun +Dwn = 0
ρnωun = −ikxpn − νρiρn(un − ui)
ρnωwn = −Dpn − νρiρn(wn − wi)
(3.9)
for ions:
ikxui +Dwi = 0
ρnωui = −ikxpi − νρiρn(ui − un)





After some manipulations, we can reduce these equations to two coupled ordinary




)(D2 − k2x)wi = νρiρn(D2 − k2x)(wi − wn)
ρiω(D
2 − k2x)wn = νρiρn(D2 − k2x)(wn − wi)
(3.11)
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One can show that the general solution to these equations are in the form of exp (kxz)
and exp (−kxz) for lower and upper fluids. For these solutions, we have the following
three boundary conditions
1. Perturbation goes to zero as the fluid extend infinitely in the vertical direction.
2. On the interface, the vertical velocities w are continuous for both fluid species.
3. The total pressure is continuous on the interface.
The general solutions of the coupled differential equations are
wi =
{
Aekxz if z < 0
A
′
e−kxz if z > 0
wn =
{
Cekxz if z < 0
C
′
e−kxz if z > 0
(3.12)









im − ρigζ) = 0
∆0(p
′




im is the magnetic pressure. With some algebra and further manipulation,
this leads to a dispersion relation [12]:
(αi + 1)(αn + 1)x
4+
(αnαi + 1)(αi + 1 +mαn +m)x
3−
[2y(αnαi − 1)− 2y2(αn + 1)]x2+
(2y2λ(αnαi + 1)− y(αnαi + 1)λ(mαn −m+ αi − 1)x−
2y3(αn − 1) + (αi − 1)(αn − 1)y2 = 0
(3.14)
In this relation, we have defined a series of non-dimensional quantities on ratios of






















For a completely collisionless case λ = 0 where ions and neutrals do no interact at
all, this dispersion relation in Eq.3.14 becomes
(x2(αi + 1) + 2y
2 − (αi − 1)y)(x2(αn + 1)− (αn − 1)y) = 0 (3.16)
The first bracket is the ion part. If it is zero, it will give rise to the usual dispersion
relation we have seen in the incompressible MHD case. The second bracket on
neutrals will give the dispersion relation for incompressible hydrodynamic case where
the instability develops unconditionally. This is consistent with our finding: if there
is no coupling between ions and neutrals, the magnetic field does not have influence
on the neutral fluid at all and hydrodynamical instability develops unconditionally
in the neutral fluid even in the presence of magnetic fields.
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3.4 One Fluid Approach: Dissipative Effects
Another equivalent or maybe more elegant way on this problem is to still somehow
retrieve the one-fluid motion equation but with some additional constraints on how
the field develops. Now, the field in a partial ionized fluid will not retain its basic
topology. Rather, we will show that there are dissipative effects that prevents the
development of magnetic fields along the fluid. To motivate this, we need a momen-
tum equation for drift velocity between ions and neutrals w = vi − vn. Back to
equation set 3.17, we can ignore all the electron inertial terms because of its small
mass. Similarly, we should ignore the electron gravity term, but they are only kept




+ vi · ∇vi
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+ vn · ∇vn
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where the coefficient of friction between neutral and plasma is
λn = ρn(νni + νne) = ρiνin + ρeνen (3.18)
Now we define the ionization ratio: ξn = ρn/ρ and ξi = ρi/ρ with ξn + ξi = 1. With






) = ξn[J×B]−G− λnw + ρnνne
1
nie
J + ξnρng (3.19)
Here we have introduced a new pressure gradient term for partial ionized fluid
G = ξn∇(pi + pe)− ξi∇pn (3.20)
Equation 3.19 is the Ohm’s Law of the problem. We now make the following argu-
ment to discard the the inertial terms on the left hand side of the equation. The
magnitude of drift velocity is non-trivial but nevertheless still small. Hence, ad-
vection terms which are usually second order in effect will be extremely small in
magnitude. Also, they are usually discarded during linearization step of stability
analysis. The time derivative can also be discarded because relative velocity changes
in a time scale much smaller than the collision time scales which is related to the
mean free path of particle collisions. With these simplifications, we have the follow-













Now we are ready to follow a very similar step to the derivation of ideal MHD
equations. After some algebra, we have
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where we defined another coefficient of friction λe = ρe(νei + νen) ≈ ρeνei. Using
this expression for electric field in the induction equation, we have (here we have
discarded the electron gravity term.)
∂B
∂t
= ∇× [(v ×B)− η∇×B− ηH(∇×B)×B/B0 + ηA(∇×B)×B×B/B20
− (εG−∇pe)/(ene)− χpG×B− χgg ×B]
(3.23)
where ε = ρeνen/λn is a small parameter because of the drastic size difference be-
tween electrons and neutrals. Here, each term correspond to one physical dissipative
effects. This is a list of them [7]:
1. (v ×B): ideal MHD term
2. η∇ × B: ohmic resistivity term, where the resistivity η is (the magnitude of
















5. −(εG−∇pe)/(ene): A generalized battery term










This complicated induction equation serves for a general purpose, but often we are
content with some of these terms because they do not have equal stances in many of
the applications. Among these terms, the most important is an ambipolar diffusion
term. It directly accounts for the drift velocity between ions and neutrals. In Solar
prominences, comparing with the ideal MHD term, it is the most pronounced one
among all other terms. From now on, we will only preserve this term in the one-fluid
analysis of partial ionization.
∂B
∂t
= ∇× [(v ×B) + ηA(∇×B)×B×B/B20 ] (3.29)
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Notice that ambipolar diffusion is a non-linear diffusion term. The effective diffusion





Hence, this diffusion constant depends on the quantity B that is diffusing. This is
where non-linearity comes in on the problem with ambipolar diffusion.
3.5 Ambipolar Diffusion and Rayleigh-Taylor In-
stability
Now, it is possible to again adopt a one-fluid description of the problem. The full
MHD equations with the effect of ambipolar diffusion are
∂ρ
∂t




+ ρv · ∇v = −∇p+ (∇×B)×B + ρg
∂B
∂t
= ∇× (v ×B + ηA(∇×B)×B×B/B20)
∂p
∂t




where we have also included the influence of ambipolar diffusion on magnetic pres-
sure into the equation sets. A linearization of these equations read
∂ρ
∂t




= −∇p+ (∇× b)× (B0x̂) + ρg
∂b
∂t
= ∇× (v × (B0x̂))
∂p
∂t
= −γp0∇ · v
(3.32)




= c2s∇(∇ · u) + c2A(∇×
∂b
∂t
)× x̂− (∇ · u)g
∂b
∂t
= ∇× (u× x̂+ ηA
B20
[(∇× b)× x̂]× x̂)
(3.33)
If we write it in terms of a matrix equation (Ax = 0) where x = (u, v, w, bx, by, bz),
then the matrix A is
−ω2 − c2sk2x −c2skxky ic2skxD 0 0 0
−c2skxky −ω2 − c2sk2y ic2skyD iωc2Aky −iωc2Akx 0
ic2skxD ic
2
skyD −ω2 + c2sD2 ωc2AD 0 −iωc2Akx
0 −iky −D −ω − ηA(D2 + k2y) ηAkxky iηAkxD
0 ikx 0 ηAkxky −ω − ηAk2x 0
0 0 ikx iηAkxD 0 −ω + ηAk2x

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2bx + C1Dbx + C0 = 0 (3.34)








2 − k2xc2s) + ω(ω2ηA + c2s(iω − 2k2ηA)
C1 = −igω(ω + ik2ηA)
C0 = i[−k2c2A(ω2 − k2xc2s) + ω(ω2 − k2c2s)(ω + ik2ηA)]
(3.35)
Apart from the usual momentum and pressure balance, we obtain two more con-







Abx − ikxc2su− ikyc2sv + c2sDw − gw)] = 0
∆0[ikxηAbz − w + ηADbx] = 0
∆0[ηAbx] = 0
(3.36)






1 z + A2e
m
(1)




3 z + A2e
m
(2)
4 z if z > 0
(3.37)
where the upper script denotes the upper fluid (2) and lower fluid (1), andmi give the
eigenvalues of the solutions. There are four conditions for each unknown constant
Ai across the interface. Therefore, through some math, an analytical dispersion
relation is possible to obtain but its complexity would force us to turn to numerical
solutions of the problem.
3.6 Numerical Results
Often the complexity of the physics in the problem poses a great obstacle on the hy-
drodynamical numerical simulations of Rayleigh-Taylor Instability with dissipative
effect such as ambipolar diffusion. Here, we use a combination of hydrodynamical
simulation results and numerical root finders for the dispersion relation to inform
us about the stability of the fluid configuration.
3.6.1 Two-Fluid Approach and Relevant Simulation
A numerical root finder gives four complex solutions to the dispersion relation de-
rived in Eq.3.14. Since only the real part of the solution tells the stability of the
fluid configuration, we only select at most two solutions of this equation. The one
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with a larger real part corresponds to a growth rate of neutrals. The solution with
a smaller real part, if it exists at all, corresponds to a growth rate of ions.
(αi + 1)(αn + 1)x
4 + (αnαi + 1)(αi + 1 +mαn +m)x
3−
[2y(αnαi − 1)− 2y2(αn + 1)]x2+
(2y2λ(αnαi + 1)− y(αnαi + 1)λ(mαn −m+ αi − 1)x−
2y3(αn − 1) + (αi − 1)(αn − 1)y2 = 0
(3.38)
In the Figure 3.1 and 3.2 on numerical solution of the above dispersion relation,
all quantities are non-dimensionalized. In finding these solutions, we have fixed the
following ratio of different densities. This shows we have an equal amount of neutrals











In these graphs, different curves represent different non-dimensional collision rate
λ. A higher number represent more frequent collision between neutrals and ions.
The horizontal axis represents a non-dimensional wavenumber y that is scaled by
the Alfven speed. The vertical axis is the non-dimension growth rate x of Rayleigh-
Taylor Instability.
From these two graphs, we can see that for ions, there always exists a condition
Figure 3.1: Growth Rate for ions Figure 3.2: Growth Rate for Neutrals
that allows for the stability of the fluid configuration. This is consistent with our
findings in ideal MHD. Indeed, the ions still directly feel the influence of Lorentz
Force. On the other hand, the neutrals always have at least one unstable mode
where the instability can grow. In the collisionless case, this curve coincides with
the graphs we have found for the incompressible gas without magnetic fields. As the
collision rate increases, the growth rate for higher wavenumbers is gradually lower
as magnetic fields become more and more influential through collisions. For a large
collision frequency (λ = 100), it is very close to the ideal MHD case where a stability
criterion does exist.
Next, we move to real hydrodynamical simulations in Athena++ to examine these
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conclusions. For simplicity, we have made the following assumption in our simula-
tion: since from a one-fluid analysis, the most prominent term is ambipolar diffusion
and within a linear stage of development, the non-linear effect of ambipolar diffusion
does not manifest itself. We implement an linear ”resistivity” to approximate the
diffusion of the field and run one-fluid configured simulation on what really hap-
pens in a two-fluid setting. The goal of this simplification is to get a qualitative
understanding of the effect of a less coupled, partially ionized gas. Therefore, in the
following graph, the Athena++ simulated growth rate and wavenumber are scaled
to produce a reasonable comparison with the high collision frequency case λ = 100
Figure 3.3: Hydrodynamical Simulation and Comparision with High Collision Fre-
quency Relation
Although the simulated growth rate does not match quantitatively, there is still
a close match of the general behavior. At first the growth rate is increasing with
increasing wavenumber. Then after wavenumber reach a maximum, the growth rate
is gradually lower. After the wavenumber crosses some threshold, the growth rate
becomes extremely small but never zero.
3.6.2 One Fluid Approach: Ambipolar Diffusion
In this section of discussion, we quote results from [7], who also presented the gen-
eral method of Rayleigh-Taylor Instability in an approachable way. He performed
numerical solutions of dispersion relations derived from solution of Eq.3.34 and other
boundary condition in a compressible system. The conclusion in his paper is spe-
cialized for solar prominences, but it can also be extended to many other cases such
as molecular clouds and in our case high-velocity clouds.
Here, we have fixed a certain beta value (ratio between acoustic and magnetic
pressure), a ratio between upper heavier fluid and lower lighter fluid, and a certain
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Figure 3.4: Linear Growth Rate of RTI under ambipolar diffusion
wave number. The horizontal axis is the Alfven speed in the problem. In his analysis,
the imaginary mode of growth rate represents the growth rate seen in the instability.
Different curves in his graph represent the ionization ratio ξn of the gas. The dashed
lines show the growth rate in an incompressible, ideal MHD case with full collision.
There are several important conclusions from this result
1. Compressibility is still important in terms of how it decreases the growth rate
substantially for all wavenumbers.
2. For the regime which was unstable for an incompressible, full collision fluid,
the growth rate is lowered.
3. In the region close to the original stability criterion, the difference between
ionization content is most apparent. A higher fraction of the neutral gas
would have a higher growth rate.
4. In the region where the configuration was originally stable, ambipolar diffusion
still drives the instability. This is consistent with our qualitative finding in the
two-fluid model.
3.7 Future Works
Although we now possess a qualitative understanding of the behavior of a partial
ionized fluid where neutrals and ions do not couple perfectly, the discussion on par-
tial ionization is not complete in terms of several important aspects. The first goal
is to develop a hydrodynamical solver for multi-species of fluids with additional
physics that represents the drag force. This will allow us to quantitatively analyze
the growth rate and confirm our finding in the linear regime of Rayleigh Taylor
Instability. Furthermore, it can also tell us how the fluid develops in the non-linear
regime of the Rayleigh Taylor Instability, which is entirely impossible for numerical
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solvers of dispersion relations.
The second goal is to implement the physics of ambipolar diffusion in MHD equa-
tions. This has been shown to be possible to realize in Athena++ for the Magnetoro-
tational Instability [13]. In the context of Rayleigh Taylor instability, the difficulty
lies in writing a physical boundary condition in the code. The analysis above on
ambipolar diffusion gives a hint of how this should be done. Once this is possible, a
one-fluid model that focuses on ambipolar diffusion will be ready to compare with
the multi-fluid model.
The third goal is a consequence of the first two step. After a qualitative under-
standing of the growth rate, we are able to access how strong the effect of collision
between neutral and ion species is to influence hydrodynamical instability. In the
case of high velocity clouds, if this is known, we can derive a time scale for the cloud
to remain stable under the effect of ambipolar diffusion and other dissipative effects.
Within this time scale, the fluid configuration will still remain stable and we have a
qualitative criterion for the survival problem of high velocity clouds.
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